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Renal tubuleAbstract This paper is concerned with the Stokes flow of an incompressible viscous fluid through a
slit with periodic reabsorption at the walls. The momentum equation for the two dimensional flow is
exactly solved in terms of stream function for two different cases of boundary conditions. Dimen-
sional forms of stream function, velocity components, axial flow rate, pressure distribution, mean
pressure drop, wall shear stress, fractional reabsorption and leakage flux are obtained. The points
of maximum velocity components are also identified for fixed axial distance. Using physiological
data of rat kidney, the theoretical values of periodic reabsorption and pressure drop for various val-
ues of fractional reabsorption are tabulated. The graphs of flow properties for both the cases are
compared with the case of uniform reabsorption. It is shown that the periodic reabsorption param-
eter for both the cases plays a vital role in altering the flow properties, which are useful in analyzing
flow behavior during the reabsorption of glomerular filtrate through a renal tubule in normal and
diseased conditions. It is found that 50% reabsorption of fluid from a single nephron can be
achieved by setting a ¼ 3:197500134 cm for one of the cases which indicates that there is a need
of artificial kidney for survival. In case 2, a minor treatment is needed as the value of a for 80%
reabsorption is not possible. Streamlines are also drawn to analyze the flow behavior through an
abnormal renal tubule.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Flow through a slit with porous walls has received close atten-
tion in past decades because of its plethoric application to, for
example, biomedical system, membrane separation and diffu-
sion processes. One of the important applications is in several
living beings, which is the urinary system. The urinary system
known as the renal system contains kidneys, ureters, urinary
bladder and urethra. Kidneys are naturally installed filter
1800 T. Haroon et al.treatment plant in the body of several living beings which filter
the blood continuously. This blood enters the kidneys through
the renal arteries for purification which is then reabsorbed
while the glomerular filtrate (urine) goes to the bladder
through the ureters for storage until it is excreted from the
body through urethra. The functional units of kidneys are tiny
filtering nephrons. In nephrons, the portion after the Bow-
man’s capsule is called renal tubule [1] which reabsorbs useful
substances such as water, glucose, sodium, bicarbonate, potas-
sium, phosphate, calcium and amino acids. The reabsorption
in the renal tubule is carried out through the small intercellular
pores, where the velocity and pressure fields differ from simple
Poiseuille’s flow since the fluid on the wall has a transverse
velocity. Normally, the size of pores at the surface of the
tubule remains uniform, but due to the growth of unwanted
materials such as bacteria, algae and fungi in or at the tight
junctions (small pores) of the epithelial cells of tubules causes
the abnormal transverse flow, see Figs. 1 and 2. The accumu-
lation of these materials causes several tubular diseases [2].
In last few years, the hydrodynamics of biological fluids
through the kidney are studied by several researchers. Wesson
[3] and Burgen [4] theoretically discussed renal model assuming
constant rate of reabsorption. Macey [5] was the first to study
the mathematical modeling of the flow of an incompressible vis-
cous fluid in proximal renal tubule. He obtained exact solution
using a circular tube with linear rate of reabsorption at the wall.
Kelman [6] noted that the bulk flow in the proximal tubule
decays exponentially with the axial distance. Later, Macey [7]
used this condition and solved the equations of motion to find
average pressure drop. Macey’s solutions were extended by
Kozinski et al. [8] who presented exact solution for creeping
flow through a porous walled duct. Marshall and Trowbridge
[9] and Palett et al. [10] used physical conditions at the perme-
able wall instead of prescribing the flux/radial velocity at the
wall. The work of Macey was also extended by Radhakrish-
namcharya et al. [11] who presented the creeping flow of
Newtonian fluid in a tube of varying cross section. Chaturani
and Ranganatha [12] considered creeping flow through aFigure 1 Uniform transverse flow through renal tubule.
Figure 2 Abnormal transverse flow through renal tubule.diverging/converging tube with variable wall permeability.
Muthu et al. [13–15] investigated flow problems in a porous
channel with slowly varying cross section using perturbation
method. Recently, Siddiqui et al. [16] studied the hydrodynam-
ics of viscous fluid through a slit with linear absorption at the
walls. They discussed that adsorption of microorganism on
the surface of renal tubule reduces the efficiency of renal tubule
that linearly decreases the diffusive and convective transport of
biological fluid during the absorption process.
The aim of this paper was to study the behavior of viscous
fluid through renal tubule considering as two-wall slit in case
of normal velocity as periodic reabsorption at the walls. Two
cases of reabsorption are studied for flow properties, i.e., when
the reabsorption at the wall is of the shape (1) sine and (2)
cosine varying with axial distance. Up to the authors’s knowl-
edge, no exact solutions have been reported yet regarding the
flow of viscous fluid through a two-walled slit with periodic
reabsorption at the walls.
This paper is arranged as follows: Basic equations govern-
ing the flow of glomerular filtrate from Bowman’s capsule to
renal tubule are given in Section 2. A rectangular Coordinate
system ðx; y; zÞ is chosen such that x ranges from 0 at the
end of Bowman’s capsule to L at the start of the loop of Henle
and y ranges from the axis to the tubular walls. At low Rey-
nolds number hydrodynamic equations because of the smaller
tubular diameter employs that the viscous forces are much lar-
ger than the inertial forces relating to the present problem, are
set out in Section 3. Exact solutions are obtained for the two
cases i.e., sine and cosine reabsorption, by using inverse
method [17–23] in Section 4. Expressions for stream function,
velocity components, volume flow rate, maximum velocity
components, pressure distribution, pressure drop, wall shear
stress, fractional reabsorption and leakage flux are obtained.
In Section 5, application of flow through renal tubule is
presented in the form of tables using physiological data of
rat kidney available in the literature [24]. The effects of
periodic reabsorption parameters for both the cases are briefly
discussed in Section 6. Finally, conclusion of the present study
is presented in the last section.
2. Basic equations
The basic equations governing the motion of an incompress-
ible Newtonian fluid, neglecting thermal effects and body
forces are as follows:
r:V ¼ 0; ð1Þ
q
DV
Dt
¼ rpþ lr2V: ð2Þ
Here q is constant density, l is the coefficient of viscosity, V is
the velocity vector, p is the pressure and r2 is the usual nota-
tion for Laplacian. The material time derivative D=Dt is the
defined as
DðÞ
Dt
¼ @ðÞ
@t
þ ðV:rÞðÞ: ð3Þ3. Problem statement
We consider the steady, laminar, fully developed, isothermal
stokes flow of an incompressible linearly viscous fluid through
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angular Cartesian coordinate system ðx; y; zÞ is chosen with the
x-axis aligned with the center line of the slit and y-axis normal
to it. From a certain point x ¼ 0 to length L, slit is porous and
the transverse velocity at the walls is periodic throughout the
length of the slit. The volume flow rate Q0 entering the porous
region is assumed constant at x ¼ 0. Since 2H LW, the
third component of velocity has been neglected and the flow
field could be considered two dimensional (Fig. 3).
We seek the velocity profile of the form
V ¼ ½uðx; yÞ; vðx; yÞ: ð4Þ
Using this profile and assumptions, Stokes equation becomes
@u
@x
þ @v
@y
¼ 0; ð5Þ
 @p
@x
þ lr2u ¼ 0; ð6Þ
 @p
@y
þ lr2v ¼ 0; ð7Þ
and the boundary conditions:
u ¼ 0; v ¼ V0 sinðaxÞ ðCase 1Þ
V0 cosðaxÞ ðCase 2Þ

; at y ¼ H; ð8Þ
@u
@y
¼ 0; v ¼ 0; at y ¼ 0; ð9Þ
Q0 ¼ 2W
Z H
0
uð0; yÞdy; pð0; 0Þ ¼ Constant: ð10Þ
where V0 is the uniform reabsorption velocity at x ¼ p2a for case
1 and x ¼ 0 for case 2. In condition (8), a is the periodic reab-
sorption parameter, shows that the pores are blocked near the
entrance for case 1 and the exit for case 2. In case 1, if a ¼ 0 the
walls of the slit become solid and in case 2 the conditions of
Haroon et al. [26] for uniform reabsorption are recovered as
a special case.
Introducing the stream function wðx; yÞ as
u ¼ @w
@y
; v ¼  @w
@x
: ð11Þ
Eq. (5) is identically satisfied and Eqs. (6) and (7) take the form
@p
@x
¼ lr2 @w
@y
 
; ð12Þ
@p
@y
¼ lr2 @w
@x
 
; ð13Þ
Eliminating pressure gradient from the above equations, we
get
r4w ¼ 0; ð14Þ
where r4 ¼ r2ðr2Þ and r2 ¼ @2
@x2
þ @2
@y2
.
Further, the boundary conditions (8)–(10) are transformed
into
@w
@y
¼ 0; @w
@x
¼ V0 sinðaxÞ ðCase 1Þ
V0 cosðaxÞ ðCase 2Þ

; at y¼H; ð15Þ
@2w
@y2
¼ 0; @w
@x
¼ 0; at y¼ 0; ð16Þ
Q0
2W
¼ wð0;HÞ wð0;0Þ: ð17Þ
Conventionally, we takewð0; 0Þ ¼ 0; ð18Þ
So
wð0;HÞ ¼ Q0
2W
: ð19Þ
Biharmonic Eq. (14) along with boundary conditions (15), (16)
and (18), (19) is two dimensional BVP, with inhomogeneous
boundary conditions, describing creeping flow through a
two-walled slit with periodic reabsorption at the walls. The
solution of this problem will be obtained in the next section.
4. Solution of the problem
Case 1: v ¼ V0 sinðaxÞ.
To obtain an exact solution of the two dimensional BVP,
inverse solution method [17–23] is applied and we define
stream function wðx; yÞ of the form
wðx; yÞ ¼ cosðaxÞF1ðyÞ þ K1ðyÞ; ð20Þ
where F1ðyÞ and K1ðyÞ are arbitrary functions. Using Eq. (20)
in Eq. (14), we get
cosðaxÞ d
4F1
dy4
 2a2 d
2F1
dy2
þ a4F1
 
þ d
4K1
dy4
¼ 0; ð21Þ
which suggest that
d 4F1
dy4
 2a2 d
2F1
dy2
þ a4F1 ¼ 0; where cosðaxÞ – 0; ð22Þ
and
d 4K1
dy4
¼ 0: ð23Þ
With the help of Eq. (20), boundary conditions (15), (16) and
(18), (19) after rearranging become
F1ð0Þ ¼ 0; d
2F1ð0Þ
dy2
¼ 0; ð24Þ
F1ðHÞ ¼ V0a ;
dF1ðHÞ
dy
¼ 0; ð25Þ
and
K1ð0Þ ¼ 0; d
2K1ð0Þ
dy2
¼ 0; ð26Þ
K1ðHÞ ¼ aQ0  2V0W
2aW
;
dK1ðHÞ
dy
¼ 0: ð27Þ
The solution of Eq. (22) along with boundary conditions (24)
and (25) is obtained as
F1ðyÞ ¼ V0 a coshðaHÞ coshðayÞy D2 sinhðayÞ½ aD1 ; ð28Þ
where
D1 ¼ aH coshðaHÞ sinhðaHÞ;
D2 ¼ aH sinhðaHÞ þ coshðaHÞ:
The solution of Eq. (23) with boundary conditions (26) and
(27) is
K1ðyÞ ¼ aQ0  2V0W
4aW
3
y
H
 
 y
H
 3 
: ð29Þ
1802 T. Haroon et al.Combining solutions (28) and (29), we write the expression for
stream function as
wðx; yÞ ¼ V0 cosðaxÞ a coshðaHÞ coshðayÞy D2 sinhðayÞ½ 
aD1
þ aQ0  2V0W
4aW
3
y
H
 
 y
H
 3 
;
ð30Þ
which strongly depends upon the parameters V0;Q0 and a. We
note that if V0 ! 0, we obtain the solution for the Stokes flow
with solid walls.
4.1. Velocity components
The velocity components are obtained using relation (11):
uðx;yÞ¼aV0 cosðaxÞ coshðaHÞsinhðayÞyHsinhðaHÞcoshðayÞ½ 
D1
þ3ðaQ02V0WÞ
4aWH
1 y
H
 2 
; ð31Þ
vðx;yÞ¼V0 sinðaxÞ acoshðaHÞcoshðayÞyD2 sinhðayÞ½ 
D1
; ð32Þ
which give a complete description of the fluid velocity at all
point in the two-walled slit. When V0 ! 0, the results of clas-
sical poiseuille flow are recovered [25]:
u ¼ 3Q0
4WH
1 y
H
 2 
:4.2. Volume flow rate
Volume flow rate QðxÞ can be obtained by using the formula
QðxÞ ¼ 2W
Z H
0
uðx; yÞdy: ð33Þ
Substituting Eq. (31) in above equation, we get
QðxÞ ¼ 2WV0 cosðaxÞ þ aQ0  2WV0
a
; ð34Þ
showing the variation downstream. At the end of the slit the
axial flow rate becomes
QðLÞ ¼ 2WV0 cosðaLÞ þ aQ0  2WV0
a
:
The amount of fluid reabsorbed through the walls is obtained
through the formula
Reabsorption ¼ Qð0Þ QðLÞ ¼ 2WV0ð1 cosðaLÞ
a
;
which shows dependence on the periodic reabsorption param-
eter a.
4.3. Maximum velocity components
From Eq. (31), we obtain the expression for maximum longi-
tudinal velocityumax ¼ 3ðaQ0  2WV0Þ
4aHW
 aHV0 sinhðaHÞ cosðaxÞ
D1
; ð35Þ
at the center of the two-walled slit for fixed position x and
transverse velocity is maximum at the walls of the slit, i.e.,
vmax ¼ V0 sinðaxÞ: ð36Þ4.4. Pressure distribution
On making use of Eq. (20) in Eqs. (12) and (13), we get
@p
@x
¼ l cos ax d
3F1
dy3
 a2 dF1
dy
 	
þ d
3K1
dy3
 
; ð37Þ
@p
@y
¼ l sinðaxÞ a3F1  a d
2F1
dy2
 	 
: ð38Þ
On integrating Eq. (37) with respect to x, we find that
pðx; yÞ ¼ l sin ax
a
d3F1
dy3
 a2 dF1
dy
 	
þ d
3K1
dy3
x
 
þHðyÞ; ð39Þ
where HðyÞ is determined by differentiating Eq. (39) with
respect to y. Comparing with Eq. (38), we observe that HðyÞ
turns out to be constant. Finally, with the help of Eqs. (28)
and (29) in above Eq. (39) it yields to
pðx; yÞ  pð0; 0Þ ¼ 2laV0 sinðaxÞ coshðaHÞ coshðayÞ
D1
 3lðaQ0  2WV0Þ
2aWH3
x; ð40Þ
where pð0; 0Þ is a constant pressure at the entrance of the
stream at x ¼ 0; y ¼ 0. Here we observe that pressure pðx; yÞ
is varying with viscosity, volume flow rate and reabsorption
parameter.4.5. Mean pressure drop
Mean pressure pðxÞ at any section of the slit can be obtained
by using the following formula
pðxÞ ¼ 1
H
Z H
0
pðx; yÞ  pð0; 0Þ½ dy: ð41Þ
On substituting Eq. (40) in the above equation, we arrive at
pðxÞ ¼ 2lV0 coshðaHÞ sinhðaHÞ sinðaxÞ
HD1
 3lðaQ0  2V0WÞx
2aWH3
: ð42Þ
The pressure drop over the length L of the slit is defined as
DpðLÞ ¼ pð0Þ  pðLÞ: ð43Þ
On combining Eq. (42) with Eq. (43), we obtain
Stokes flow through a slit with periodic reabsorption 1803DpðLÞ ¼  2lV0 coshðaHÞ sinhðaHÞ sinðaLÞ
HD1
þ 3lðaQ0  2V0WÞL
2aWH3
; ð44Þ
which shows the difference in mean pressure between the head
and length of the slit downstream.
4.6. Wall shear stress
The wall shear stress on the slit wall is defined as
swjy¼H ¼ l
@u
@y
þ @v
@x
 
y¼H
: ð45Þ
Using Eqs. (31) and (32) in the formula above, we get
swjy¼H ¼ l
3ðaQ0  2V0WÞ
2aH2W
 2V0Ha
2 cosðaxÞ
D1
 
: ð46Þ4.7. Fractional reabsorption
The fractional reabsorption, FA is defined as [12,16,26]:
FA ¼ Qð0Þ QðLÞ
Qð0Þ : ð47Þ
Combination of Eqs. (34) and (47) yields
FA ¼ 2V0Wð1 cosðaLÞÞ
aQ0
; ð48Þ
that shows that the fractional reabsorption has inverse relation
with volume flow rate Q0 and periodic reabsorption parameter
a.
4.8. Leakage flux
The leakage flux qðxÞ may be calculated using the formula
qðxÞ ¼  dQðxÞ
dx
ð49Þ
If we substitute Eq. (34) in the above formula, we obtain
qðxÞ ¼ 2WV0 sinðaxÞ: ð50Þ
We remark that at x ¼ 0 , qðxÞ ¼ 0, and thus no leakage is
deducted at the entrance.
Case 2: v ¼ V0 cosðaxÞ.
In this case, transverse velocity at the wall is taken as
v ¼ V0 cosðaxÞ, we choose the stream function wðx; yÞ of the
form
wðx; yÞ ¼ sinðaxÞF2ðyÞ þ K2ðyÞ; ð51Þ
whereas F2ðyÞ and K2ðyÞ are unknown functions to be deter-
mined. By substituting the above equation in Eq. (14), we get
d4F2
dy4
 2a2 d
2F2
dy2
þ a4F2 ¼ 0; with sinðaxÞ– 0; ð52Þ
and
d4K2
dy4
¼ 0: ð53Þ
With the help of Eq. (51), boundary conditions (15), (16) and
(18), (19) after rearranging becomeF2ð0Þ ¼ 0; d
2F2ð0Þ
dy2
¼ 0; ð54Þ
F2ðHÞ ¼ V0a ;
dF2ðHÞ
dy
¼ 0; ð55Þ
and
K2ð0Þ ¼ 0; d
2K2ð0Þ
dy2
¼ 0; ð56Þ
K2ðHÞ ¼ Q0
2W
;
dK2ðHÞ
dy
¼ 0: ð57Þ
The solution of Eq. (52) along with boundary conditions (54)
and (55) is obtained as
F2ðyÞ ¼ V0½D2 sinhðayÞ  a coshðaHÞ coshðayÞyaD1 ; ð58Þ
and the solution of Eq. (53) with boundary conditions (56) and
(57) is
K2ðyÞ ¼ Q0
4W
3
y
H
 
 y
H
 3 
: ð59Þ
Combining solutions (58) and (59), we write the expression for
wðx; yÞ as
wðx; yÞ ¼ V0 sinðaxÞ D2 sinhðayÞ  a coshðaHÞ coshðayÞy½ 
aD1
þ Q0
4W
3
y
H
 
 y
H
 3 
;
ð60Þ
which strongly depends upon a and Q0.
4.9. Velocity components
The velocity components are obtained using relation (11):
uðx;yÞ¼ aV0 sinðaxÞ HsinhðaHÞcoshðayÞ coshðaHÞsinhðayÞy½ 
D1
þ 3Q0
4WH
1 y
H
 2 
;
ð61Þ
vðx; yÞ ¼ V0 cosðaxÞ a coshðaHÞ coshðayÞy D2 sinhðayÞ½ 
D1
:
ð62Þ
Eqs. (61) and (62) give a complete description of the fluid
velocity at all point in the two-walled slit. For V0 ! 0, the
results of classical poiseuille flow in slit are recovered [25]:
u ¼ 3Q0
4WH
1 y
H
 2 
:4.10. Volume flow rate
Substituting Eq. (61) in Eq. (33), we get the expression for vol-
ume flow rate as follows
QðxÞ ¼ aQ0  2WV0 sinðaxÞ
a
; ð63Þ
which indicates that flow rate remains uniform for V0 ! 0.
At the end of the slit the axial flow rate becomes
1804 T. Haroon et al.QðLÞ ¼ aQ0  2WV0 sinðaLÞ
a
:
The amount of fluid reabsorbed through the walls is obtained
as
Reabsorption ¼ 2WV0 sinðaLÞ
a
;
which shows dependence upon a.
4.11. Maximum velocity components
From Eq. (61), we obtain the expression for the maximum lon-
gitudinal velocity at the center of two-walled slit
umax ¼ aHV0 sinhðaHÞ sinðaxÞD1 þ
3Q0
4HW
; ð64Þ
for fixed axial distance and the transverse velocity is found to
be maximum at the walls, i.e.,
vmax ¼ V0 cosðaxÞ; ð65Þ
which shows the periodic nature.
4.12. Pressure distribution
On making use of Eq. (51) in Eqs. (12) and (13), and adopting
the same steps as followed from Eqs. (37) to (41), we get the
expression for pressure difference as
pðx; yÞ  pð0; 0Þ ¼ 2laV0 coshðaHÞ cosðaxÞ coshðayÞ  1f g
D1
 3lQ0
2WH3
x; ð66Þ
where pð0; 0Þ is a constant pressure at the entrance of the
stream at y ¼ 0. We observed that pressure difference reduces
uniformly downstream as V0 ! 0.
4.13. Mean pressure drop
The expression for mean pressure drop is obtained as
DpðLÞ ¼ 2lV0 coshðaHÞ sinhðaHÞf1 cosðaLÞg
HD1
þ 3lQ0L
2WH3
; ð67ÞTable 1 Values of reabsorption velocity and pressure drop for
different values fractional reabsorption [26].
FA 80% 70% 60% 50%
V0, cm/sec 1:6 106 1:4 106 1:2 106 1:0 106
Dpð1Þ, dyn/cm2 8.4 12.6 16.8 21.04.14. Wall shear stress
Using Eqs. (61) and (62) in Eq. (45), we find the expression for
wall shear stress
swjy¼H ¼ l
2V0Ha2 sinðaxÞ
D1
þ 3Q0
2H2W
 
: ð68ÞTable 2 Values of periodic reabsorption parameter and
pressure drop for different values fractional reabsorption,
when v ¼ V0 sinðaxÞ.
FA 80% 70% 60% 50%
a, cm – – – 3.197500134
Dpð1Þ, dyn/cm2 – – – 31.308158934.15. Fractional reabsorption
On substituting Eq. (63) in Eq. (47), we get the expression for
the fractional reabsorption
FA ¼ 2V0W sinðaLÞ
aQ0
; ð69Þwhich shows that FA is inversely proportional to a and Q0.
4.16. Leakage flux
The expression for the leakage flux is obtained by using Eq.
(63) in Eq. (49) as
qðxÞ ¼ 2WV0 cosðaxÞ: ð70Þ
We note that the maximum fluid is reabsorbed at the entrance
of the slit.
5. Application to the flow through renal tubule
The reabsorption from each nephron is 80% and the amount of
waste (urine) at the end of the renal tubule is 20% i.e.,
Qð0Þ
QðLÞ ¼ 0:2. In normal condition when transverse velocity
remains uniform the expressions for fractional reabsorption
and mean pressure drop are obtained by reducing fouling
(a ! p
2x
) for case 1 and (a ! 0) for case 2 are given in [26]:
FA ¼ 2WV0L
Q0
and DpðLÞ ¼ 3l Q0  2WV0Lð ÞL
2WH3
: ð71Þ
To discuss the application of the problem, we use a set of data
of rat kidney, related to a physiological situation [5,24]. Using
these data in our problem
H ¼ 103 cm; L ¼ 1 cm; l ¼ 7 103 dyn sec=cm2;
Q0 ¼ 4 107 cm3=sec:
SinceHW, let we assume thatW ¼ 101 cm and for var-
ious values of fractional reabsorption, the reabsorption veloc-
ity V0 and pressure drop for uniform reabsorption are
obtained as given in the following Table 1.
Since, the values of V0 are available for various fractional
reabsorption, therefore we choose V0 ¼ 1:6 106. The values
of periodic reabsorption parameter and pressure drop for dif-
ferent values of fractional reabsorption are shown in Tables 2
and 3.
In Table 2 the real root of a only comes at 50% fractional
reabsorption. This shows that the efficiency of the renal tubule
Table 3 Values of periodic reabsorption parameter and
pressure drop for different values fractional reabsorption,
when v ¼ V0 cosðaxÞ.
FA 80% 70% 60% 50%
a, cm – 0.8830910126 1.275698109 1.599347891
Dpð1Þ,
dyn/cm2
– 26.26657270 27.35773289 28.49259985
Stokes flow through a slit with periodic reabsorption 1805becomes half and proper treatment is required, otherwise arti-
ficial kidneys are used.
In the case of v ¼ V0 cosðaxÞ, no real solution for a can be
determined, because it gives the complex root for 80% frac-
tional reabsorption. This case of wall reabsorption shows that
a minor treatment can be enough for survival.Figure 3 Geometry of the problem
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Figure 4 Comparison of u with uniform and periodic reabsorption
V0 ¼ 1.6. Result and discussions
The expressions of velocity components, volume flow rate,
pressure difference, wall shear stress and leakage flux are nor-
malized by introducing the following dimensionless quantities
(afterwards we drop symbol *):
x ¼ x
L
; y ¼ y
L
; V0 ¼
V0
U0
w ¼ w
U0L
; Q0 ¼
Q0
U0WL
;
p ¼ p
lU0=L
; a ¼ aL; sw ¼
sw
lU0=L
ð72Þ
where U0 is fluid velocity at the entrance of two-walled slit and
the variations of periodic reabsorption parameter a have been
explained through Figs. 4–15, at different positions x ¼ 0:1
(entrance), x ¼ 0:5 (mid) and x ¼ 0:9 (exit) of the slit.with periodic wall reabsorption.
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Stokes flow through a slit with periodic reabsorption 1809Fig. 4 depicts the comparison of longitudinal velocity u
with periodic and uniform wall reabsorption at different posi-
tions, i.e., entrance, middle place and exit of the two-walled
slit. Parabolic profile of u for case 1 (v ¼ V0 sin ax) is higher
at all the positions than case 2 (v ¼ V0 cos ax) and uniform
(v ¼ V0) wall reabsorption, while the behavior of u of case 2
is close to the case of uniform reabsorption. In Fig. 5, the com-
parison of transverse velocity v at different positions of the
two-walled slit is shown. It is observed that at the entrance
of the slit the behavior of v of case 1 shows significant variation
as compared with other cases, while at the middle place and
exit of the slit, v of case 1 improves to the case of uniform wall
reabsorption. Fig. 6, depicts the comparison of axial flow rate,
pressure at the center and wall shear stress of periodic and uni-
form reabsorption. It shows that wall reabsorption of case 1
has remarkable difference than other two cases.
Effect of periodic reabsorption parameter a on fluid prop-
erties is compared and is shown in Figs. 7–15. In each figure,
the first figure is for case 1 and the second is for case 2.
Fig. 7 shows the effect of a on u at the entrance of the slit.
It is noted that for case 1 with increasing a; u decreases at
the center while increases near the walls of the slit. Reverse
effects of a are observed for case 2. In Fig. 8 effect of a on u
at the middle place of the slit is depicted. It is observed that
u decreases with increasing a for case 1, while for case 2 it is
pointed out that u increases at the center and decreases near
the walls. Effect of a on u at the exit of the slit is shown in
Fig. 9. It is observed that u has abnormal variation with a
for case 1, we see that with increasing a; u remains smaller inx
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Figure 15 Effect of a on wall shear stress for
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Figure 16 Comparison of streamlines for case 1magnitude but increases at the center and decreases near the
walls. In case 2, u increases with increasing a. In Figs. 10–12,
effect of a on v at the entrance, middle place and exit of the slit
can be studied. From Fig. 10, it is in noted that with increasing
a , v increases for case 1 while decreases for case 2. On compar-
ing this figure, we see that the variation of case 1 is smaller in
magnitude than in case 2. In Fig. 11, it is noted that effects are
similar as that of the entrance of the slit but the profile v of
case 1 reaches to the peak while for case 2 it damps to vanish.
At the exit of the slit abnormal effects of v for case 2 are noted
due to the pore blockage phenomenon, while the profile v oscil-
lates for higher values of a, see Fig. 12. Axial flow rate QðxÞ
decreases from entrance to exit of the slit and the effect of a
on QðxÞ inside the slit is obtained in Fig. 13, with increasing
a;QðxÞ decreases for case 1, while it increases for case 2. Pres-
sure difference at the center of the slit increases with increasing
a for case 1, see Fig. 14 and wall shear stress for case 2
increases with increasing a for case 2, see Fig. 15. Streamlines
are drawn for both the cases of periodic reabsorption at the
walls and can be seen in Fig. 16.7. Conclusion
In this paper, we obtained exact solution for the two dimen-
sional Stokes flow through two-walled slit with periodic reab-
sorption at the walls. System of partial differential equations
was transformed into a single equation in terms of stream
function. Exact solutions for velocity profile, volume flow rate,x
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case 1 and case 2 when V0 ¼ 1 and Q0 ¼ 3.
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and case 2 when V0 ¼ 1, Q0 ¼ 3 and a ¼ 3.
1810 T. Haroon et al.pressure, pressure drop, wall shear stress, fractional reabsorp-
tion and leakage flux for two different cases were explicitly
obtained. From this work we observe that:
(1) Parabolic profile at all the positions for both the cases
has maximum value at the center and minimum at the
walls, while the transverse component of velocity
has maximum value near the walls and zero at the
center.
(2) Blockage phenomenon can be controlled by varying the
values of a, i.e., with increasing a both components of
velocity profiles for case 2 approaches to uniform wall
reabsorption.
(3) Volume flow rate, pressure difference and leakage flux
decrease downstream.
(4) At x ¼ 0, there is no leakage at the entrance of the two-
walled slit for case 1, while it is maximum for case 2.
(5) Expression for fluid reabsorption is contributed that
depends upon periodic reabsorption parameter.
(6) 50% reabsorption of fluid from a single nephron can be
achieved by setting a ¼ 3:197500134 cm for case 1 which
indicates that there is need of artificial kidney for
survival.
(7) A treatment is required to achieve 80% reabsorption for
case 2.
(8) The efficiency of renal tubule increases if the accumula-
tion of microorganisms in or at the walls decreases. Fur-
ther, the metabolic wastes are removed from the
glomerular filtrate by reducing fouling (a ! p
2x) for case
1 and (a ! 0) for case 2, which is significant
physiologically.
In the last, we would like to point out here that our study is
of theoretical nature and much more experimental and physi-
ological works are needed to have a complete insight into the
transport of glomerular filtrate through renal tubule in normal
and diseased condition. We also believe that the present study
is significant from biomedical point of view, as not much infor-
mation on this topic is currently available.
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